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Abstract—Motivated by machine learning approaches to error-
correcting codes, we consider finding good error-correcting codes
as an optimization problem over a space of codebooks, where the
loss function depends on the channel, the decoding method and
the error measure. General results are proven assuming sym-
metry and mild differentiability properties of the loss function.
For binary linear codes a stationarity result is given in terms
of power reallocations of the code. For transitive binary linear
codes such a result is given for the code itself.

I. INTRODUCTION

Traditionally, error-correcting codes have been constructed
using algebraic and combinatorial methods. In the last decade,
machine learning made it possible to jointly learn an encoder
and a decoder using the channel autoencoder framework [1].
The encoder and the decoder are both represented as neural
networks, and a noise layer in between represents the channel.

Finding a good code using this approach amounts to op-
timization over the set of codes representable by a network
architecture with some choice of network parameters. The
optimization objective is to minimize a loss function, which is
some error measure of the code, like BLER or its surrogates.

Understanding the structure of the loss landscapes of learn-
ing problems for neural networks is an active area of deep
learning research [2, Ch. 12]. This involves determining sta-
tionary points, local minima, their flatness, and other features
that determine the fixed points and training trajectories of
gradient-based learning algorithms.

For error-correcting codes one can consider a loss landscape
over a more general structure: the set of all codes with a given
input size and code length. Codes representable by a given
network form a subset, and so local minima of the set of all
codes remain local minima for the network loss landscape.
Thus, understanding the loss landscapes over the set of all
codes is a first step towards understanding the loss landscapes
over neural networks implementing codes.

The general setup to study the loss landscape is formulated
by representing an [n,k] code of length n and M = 2F
messages as a real-valued matrix X € R™*M called the
codebook. Real-valued codes jointly code and modulate the
M messages, and this is the natural setting in which deep
learning is applied to code design [3], [4]. Taking the power
constraint into consideration as well, the set of codes is turned
into a manifold; for average codeword power constraint the

manifold is a Frobenius sphere. The channel, the decoding
method, and the error measure are assumed to be fixed. In
this paper, we will develop a general framework for studying
stationarity of codes built on symmetries of these fixed pieces.
However, for concreteness, a basic case to consider is average
power constraint, AWGN channel, maximum likelihood (ML)
decoding and BLER error measure. With this power constraint,
optimization is over the M n—1 dimensional Frobenius sphere.
In this case the loss is a function of the codebook only.

An important class of codes is binary linear codes. In what
follows linear codes will always be assumed to be binary.
Experimental results suggest that linear codes may be local
minima [5]. In this paper we consider some experimental and
theoretical aspects of this question.

The discussion of theoretical results begins with introducing
the formal framework for error-correcting code optimization
in Section III. Note that this is not meant as a realistic model
for practical optimization, but rather as a conceptual model
underlying machine learning approaches.

We give experimental results in Section IV-A suggesting
that Reed-Muller (RM) codes are stationary. These exper-
iments reinforce the observations in [5]. However, it turns
out that the local minimality question is quite subtle. In
Section IV-B we present simple examples showing that some
linear codes are not even stationary.

We present two theoretical results on stationarity for linear
codes under mild differentiability assumptions:

o Every nondegenerate linear code has a distinguished
power allocation which is stationary, if differentiable. It is
always differentiable for AWGN-ML-BLER (Section V).

o Every nondegenerate linear code with a transitive auto-
morphism group is stationary (Section VI). RM codes
and cyclic codes are special cases.

The proofs are based on studying the implications of sym-
metries of codes. As far as we know, the approach of this
paper provides a new lens for the study of real-valued error-
correcting codes.

II. RELATED WORK

The study of error-correcting code symmetries is a classical
topic in coding theory [6]. A general result on capacity-
achieving codes based on double transitivity is given in [7].
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Global optimality of spherical codes [8] has been studied
extensively as a constrained optimization problem over point
configurations on the sphere. Pairwise energies of the form
En(X) =1 <icjens PlIxi —x; ), where h is a completely
monotone potential, are considered in [9]. It is proven that
sharp configurations minimize E} for such potentials. This
applies, in particular, to cross polytopes, and provides a global
optimality result for RM(m,1) codes, as their codebook
forms a cross polytope [10]. Our focus is different as we do
not consider global optimality, but instead we study aspects
relevant for machine learning, such as stationarity. Tokarchuk
et al. [11] give an overview of recent applications and machine
learning aspects of the classical problem.

The question “do symmetric problems have symmetric
solutions?” [12] has been considered in many contexts. The
general answer is negative, but positive answers hold under
reasonable conditions, as in [12] and Palais’ principle of
symmetric criticality [13]. This turns out to be the case in
this paper as well. The closest analog of our framework
is the equivariant-dynamics perspective of Golubitsky and
Stewart [14], where the invariance of fixed-point subspaces
under equivariant dynamics plays the same structural role as
Lemma V.2. Related symmetry methods for differential equa-
tions are developed in [15]-[17]. Closely related fixed-point
arguments have been used to study deep-learning loss land-
scapes [18], [19], where neuron-permutation and equivariance-
induced symmetries similarly constrain stationary point prop-
erties; [20] treats different symmetries of linear autoencoders
and gives a theoretical description of all stationary points.

This paper continues our previous work on understanding
deep-learned error-correcting codes [5], [21]-[27].

III. SETUP: CODEBOOK, LOSSES, SYMMETRIES, AND
POWER CONSTRAINTS

In this section we formulate the general framework for
studying loss landscapes of error-correcting codes.

A. Real-valued codebooks and power constraints

We represent a real-valued codebook of blocklength n and
size M as X = [x1,...,xp] € R"*M_ where x; € R". A
codebook is nondegenerate if all codewords are distinct.

A binary block code {0,1}* — {0,1}" is embedded into
this real space using the standard BPSK map 0 — +1 and 1 —
—1, giving codebooks in {+1}"*M C R™*M with M = 2F,
When the binary code is linear, its BPSK image must contain
the all-ones codeword, and w.l.o.g. we index this codeword as
x; = 1. Unless otherwise specified, binary linear codes are
assumed to be embedded in real space via BPSK, and we refer
to the embedded code as a linear code as well.

We impose the average codeword power constraint

M

1

i Z Ix:l|% = n, equivalently X% =nM (1)
i=1

where | X[|%2 = (X, X)p = Zf\il |x;]|3 is the squared
Frobenius norm of X induced by the Frobenius inner product

(A, B)p := Tr(AT B). This allows power to be redistributed
across codewords, and hence is more flexible than the per-
codeword constraint (Vi ||x;||3 = n) of spherical codes.

B. Losses and symmetries

For a fixed noisy channel, a codeword x; € R™ is commu-
nicated by n transmissions over the noisy channel. We assume
that the performance of the codebook X is determined by some
loss function f : R™*M — R, which is assumed to be contin-
uous everywhere and differentiable at nondegenerate points.
We consider situations where performance of the codebook
X is invariant under reordering of codewords, reordering of
the n coordinate-wise transmissions as well as consistent sign
flips of all codewords. Thus f is invariant under the following
symmetries:

f(PX) = f(X) forevery Pc S, (2)
f(DX) = f(X) forevery D€ diag({£1}") ()
F(XII) = f(X) for every II € Sps 4

where S,,, Sy are the permutation matrix groups on n, M
coordinates resp., and diag({£1}") is the set of diagonal
matrices with diagonal entries in {£1}. We call the group
generated by S, Udiag({1}") the signed permutation group
and denote it S. S is the symmetry group of the n-
dimensional hypercube and cross-polytope [28, p. 122].

C. The error-correcting code optimization problem

Now we can formulate the general problem considered in
this paper. Let f : R™M™ — R be a continuous function
satisfying symmetry conditions (2)-(4). The error-correcting
code optimization problem is then:

. 2
i f(X) st X[ = n). Q)

We give a brief description of the geometric view of the
optimization problem.

Codebooks X that satisfy (1) are called feasible, and they
form the feasible set Mayy := {X € R™M ¢ ||X||%. = nM },
which is the Frobenius sphere of radius vVnM.

Since My, is a sphere, the subspace X' orthogonal to
X w.rt. (-,-)r forms the vector space tangent to M,,, at X
TXMan =X1 .= {A S RxM . <A,X>F = O}

For a feasible X, let G = Vf(X) € R"*M be the gradient
of f at X. Then the fangent gradient at X, Vian f(X) €
Tx Mayg, can be obtained by removing the component along
X, i.e. Vianf(X) = G — <ﬁ"§ﬁ;FX =G-&Xry

A feasible codebook X € /F\/lavg is a stationary point of
the constrained loss f in (5) if Vianf(X) = 0. This occurs
precisely when V f(X) = aX for some o € R.

At X € Mgy, a feasible e-perturbation X., € €
R, along a given tangent vector A € TxM,,, can be
found as X, := Rx(eA), where Rx : TxMavg = Mayg
Rx(A) :=vnM (X+ A)/(|X+ Allrp) is the normaliza-
tion retraction, which makes local tangential perturbations and
rescales them back onto the feasible set.




These feasible perturbations can be used to optimize (5)
via Riemannian gradient descent (RGD) [29, Ch. 4], whose
iterates {X(t)}tzo are initialized at some X(©) € Mave and
are then given by X1 = Ry (eWA®), where A =
~Vianf(X®) with ¢® > 0.

Standing conventions. Hereafter, unless stated otherwise:
o f satisfies the symmetries (2)-(4),
o f is differentiable at every nondegenerate codebook, so
derivatives can always be taken at those points,
« stationarity is with respect to the constrained problem (5).

D. Examples

In order to specify an instance of the optimization problem,
the loss f induced by the channel noise, the decoding rule, and
the chosen error measure need to be specified. The invariance
assumptions (2)-(4) are satisfied, for example, when the chan-
nel is an additive noise channel with i.i.d. noise with even
density, the decoder is ML, the messages are equiprobable,
and the error measure is relabeling invariant.

A standard example covered by the above assumptions is
AWGN-ML-BLER with uniform prior on messages.

Definition III.1 (AWGN-ML-BLER).

Draw codeword index J uniformly from 1,..., M, transmit
Y = x; + Z, where Z ~ N(0,0%1,), and decode J(Y) =
argmin, ||Y — x;||2, with ties broken arbitrarily. Then,

AWGN-ML-BLER(X) := Pr{J(Y) # J}.
Proposition II1.2.
AWGN-ML-BLER is continuous on R™*™ and is differentiable
at every nondegenerate codebook.

Proof Sketch. Let ¢, be the N'(0,021,,) density. The correct-
decoding probability P.(X) is

Sy —x;)dy. (6
anigﬁ?;]qb(y x;) dy. (6)

1

P.(X) =1-BLER(X) = i
This formula is independent of tie-breaking and is continuous
in X. At a nondegenerate codebook, the maximizing index is
unique except on a measure-zero set. Differentiating under the

Gaussian integral gives differentiability. O

Another example, used in our experiments, is BLERyg, a
surrogate for BLER obtained by applying the union bound
as described below. It also satisfies conditions (2)-(4) and is
differentiable at nondegenerate codebooks.

If x; is transmitted and x; is a competing codeword, the
pairwise error probability under ML nearest-neighbor decod-
ing is Q(Hx%ax’“), where Q(-) is the standard Gaussian tail
function. Averaging over transmitted messages, we get

BLERUB(X>=% > Q(

1<i<j<M

lIxi — %11 Xj) > BLER(X).
o

This function depends only on pairwise distances between

codewords, and can be evaluated and differentiated exactly,

without a Monte Carlo simulation over the noisy channel.
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Fig. 1: Estimated ML-BLER variation along random fea-
sible perturbations of the RM(5,1) codebook over the
AWGN channel using ML decoding. The plotted quantity is
BLER(X.) — BLER(Xj), with the average codeword power
constraint enforced by global normalization of the codebook.
Each SNR uses a separately sampled random tangent direction,
so the curves represent independent local probes.

IV. EXPERIMENTS

We now give two numerical experiments illustrating the
stationarity behavior of linear codes. The first gives supporting
evidence from random tangent-direction probes. Theoretical
justification is given later via Theorem VI.1. The second shows
that not all linear codes are stationary.

A. Reed-Muller codes appear stationary

Reed-Muller codes RM(m, r) are among the most impor-
tant families of error-correcting codes [30]. We numerically
probe the local behavior of the RM(5,1) codebook (n = 32
and M = 25 = 64) for BLER as the loss function, at various
SNR values.

Let X, denote the RM(5,1) codebook. Since we cannot
directly compute the true tangent gradient Vy,,BLER(X)),
we estimate the local change in BLER around X, along
random perturbation directions by Monte Carlo simulation.
Thus for each SNR value, we sample a random perturbation
direction A = [d1,...,0)] in the tangent space at Xj.
For several € € [—2,2], we compute X.. For each value of
€, we estimate the local change in BLER by Monte Carlo
simulation, i.e. messages are sampled uniformly, AWGN noise
is added, and decoding is performed using the ML decoder.
Figure 1 plots the variations BLER(X.) — BLER(Xj), at
different SNR values, so the curves show the local BLER
change relative to the original RM(5,1) codebook.

The observed bowl-shaped profiles suggest that, along the
sampled average-power-feasible perturbations, moving away
from RM(5, 1) tends to increase BLER. Similar observations
were made for other small blocklength RM(m, 1) codes.

B. Not all linear codes are stationary points

We enumerate a small family of inequivalent binary linear
codes. Each code C(¥) C [F4 is embedded into a real codebook



X e R*** ysing the standard BPSK map, with one
codeword per column. We use BLERyp from Section III-D
as the loss function. We evaluate stationarity of codebooks
X () by computing the tangent gradient and testing whether
its norm is zero, i.e. whether ||V ., BLERyg(X®)|/r = 0.

The results are shown in Table I. Among the tested in-
equivalent linear [4,2] codes C™M) ... C(®), only C(V) has
numerically vanishing tangent gradient at the tested SNR of
0 dB. The table also shows that stationarity does not imply
the best BLERyp performance: the stationary code c is
dominated by the nonstationary code C(%).

Since the other linear codes (# C1)) have nonzero tangent
gradients, their codebooks admit feasible first-order descent
directions. We run RGD initialized at each codebook X (%)
until convergence. The resulting optimized codebooks ng)
have vanishing tangent gradients, so they all appear stationary.

For all i, X\ ~ diag(u!”)X® for some rescaling
vector ug), see Table I row 7, i.e. the resulting optimized
codebooks X@ are coordinate-wise rescalings of the original
codebooks _X(i). In the reported runs, the rescaling vectors
satisfy ||p{”||> = n, so the resulting codebooks satisfy the
average codeword power constraint. We call such a p a power
reallocation, since it redistributes the power budget across
the n coordinates. This phenomenon is a consequence of
linearity and the symmetries of the loss, and related theoretical
aspects are discussed in Section V. It is worth noting that for
C®3),c™ and C(®), RGD assigns zero power to precisely those
coordinates which are constant across all codewords, and so
they carry no information. The algorithm thus “discovered”
puncturing.

V. STATIONARITY OF LINEAR CODES WITH POWER
REALLOCATION

Section IV-B showed empirically that BPSK-mapped linear
codes need not be stationary, yet RGD from each tested code
converged to a power reallocation of the same codebook (Row
7 of Table I). We now show that this is the case in general.
For a power allocation p € R"™, let X, := diag(p)X, and
let S, := {p : ||ul|3 = n}. Denote the feasible power
reallocations of X by Fx = {X,, : p € S,,}. Since 1 € S,
the original code X = Xj is in the feasible set Fx. Since
Sy, is compact and p — f(X,,) is continuous, a minimizer
exists; denote one by p, and its reallocation by X, .

Theorem V.1.
Let X € R"™M pe a nondegenerate linear code. If f is
differentiable at X, , then X, is a stationary point.

In other words, X, is stationary for the feasible power
allocations Fx if and only if it is stationary over the full
feasible set M y,.

To prove Theorem V.1, we need some new concepts. An
automorphism of a code X is some P € S, such that
PXII-! = X for some IT € Sy, [6, Ch. 8.5]. The group
of code automorphisms is denoted Aut(X). We generalize

this notion: a bi-automorphism is some (R,II) € S x Sy,
such that RXTI~! = X (recall S;F is the group of signed
permutation matrices). The bi-automorphisms of X form a
group, which we denote Auty,;(X).

The fixed-point subspace of Auty;(X) is

Fix(Autp; (X)) := {A e R™*M . RATI ' = A
for every (R,II) € Auty;(X)}.

More generally, for any group I" acting by linear isomorphism
on R"*M Fix(T) consists of those A € R™*M fixed by all
g € T. It is always a vector subspace of R"*™ _ Note that if
Iy C Ty, we have the reversed inclusion Fix(T';) C Fix(T's).

For a linear code X, adding () a codeword x; to all
codewords gives the same codewords up to permutation.
In BPSK this means elementwise multiplication (®) of xj
with every codeword, i.e. [x; ® X1,...,Xr © Xps]. Note that
x; ® x = diag(xg)x for any vector x. Define Dy :=
diag(xy). Note Dy € S since x5, € {£1}". Thus D;X
is a permutation of the columns of X, and so there exists a
permutation IT; € Sy, such that DX = XTI, equivalently
D, XII,;' = X. Linearity of X ensures {(Dy, IIz)}L, is
closed under composition. Thus we get a subgroup of bi-
automorphisms of X:

AutLIN(X) = {(Dk,Hk) k=1,.. .,M} - Autbi(X).

‘We now show how invariance of the loss function constrains
the gradient at a codebook X.

Lemma V.2.
If f is differentiable at X, then V f(X) € Fix(Autpi(X)).

Proof. Let (R,II) € Auty;(X). By invariances (2)-(4) of
f, f(Y) = fRYID!) VY € R™M_ Differentiating
both sides w.rt. Y at Y = X (via chain rule on the
right) gives Vf(X)=RT(VF(RXII!))(IT")T. By as-
sumption/definition, R, IT are orthogonal, and RXIT~! = X.
Rearranging terms we get V f(X) = RV f(X)IT 1. O

Lemma V.3.
For linear X, Fix(Autpin(X)) = {X, : p € R"}

Proof. We prove this by showing inclusion in both directions.

C: Note that Dy swaps x3 = 1 with x, as
Dk[Xl .. Xk..] = Dkxl . Dkxk ] = [Xk . Xl..].
——

X OX1 X OX

Thus kal must also do so, as (D, II;) € Autpin(X).
Let Y € Fix(Autrn(X)), then we have Dy YTI, ' =Y, thus
yi = (DRYTL ).k = (DyY).1 = Dyy1 = diag(y1)xs.
Stacking all columns gives Y = diag(y1)X € {X, : p €
R"™}.

D: Since diagonal matrices commute,
Dy, (X)), ' = diag(p) (D XTI, ') = X,,, so for u € R™,
X# S FiX(AutLIN (X)) ]

Corollary V4.
For a linear code X, Fix(Auty;(X)) C {X, : p € R"}.



Row # | Quantity c® c® c® cH c®) C(©)
1 Code {0000, 0011} {oooo, 0011} {oooo, 0011} {(Jooo, 0001} {0000, 0001} {oooo, ()001}
1100, 1111 1101, 1110 0101, 0110 0010, 0011 1110, 1111 0110, 0111
2 A(x) 1+ 222 + 27 1+ 22 + 223 1+ 322 142z + 22 I+z+z3+a2* | 1+z+2?+23
3 min 2 2 2 1 T 1
4 | Stationary? Y N N N N N
5 | BLERugp 4.784x1072 3.706x10—2 6.825x10—2 1.800x10~ T 8.814x10~ 2 1.086x10~T
6 Vian 0.00x10° 1.89x 102 4.68x10~2 1.31x107 T 8.29x 102 8.18x10~2
7] @) mnny | R vE Ve | A L Ve, o L | 2L L vE] | o1 Ve

TABLE I: Summary of stationarity and surrogate BLER results for inequivalent [4, 2] linear codes over the AWGN channel at
0 dB. Columns correspond to one code C (?), Row 1 lists the codewords in C(9) C IE‘%; colored coordinates are constant across
all codewords. Row 2 shows the Hamming weight enumerator A(z). Row 3 shows the minimum Hamming distance dyiy.
Row 4 shows whether the codebook X corresponding to C(¥) is numerically stationary. Row 5 shows the corresponding
surrogate values BLERyg. Only C(V) is numerically stationary, while the nonstationary code C(?) has lower BLERyg. Thus
stationarity and BLERyp performance do not necessarily coincide. Row 6 shows the tangent-gradient norms at the real-valued
codebook for C(*) at 0 dB. Row 7 shows the coordinate-wise rescaling uff) s.t. Xff) = diag(u@)X(i), where Xff) is the
result of RGD optimization initialized at X(?). Colored coordinates are reduced to zero and coincide with those in Row 1.

Proof of Theorem V.1. Let L(p) = f(X,) on S,. The
sphere S, is compact, so continuity gives a minimizer p,.
Assuming f is differentiable at X, , the reduced function
L is differentiable at p,. The first-order optimality condi-
tion on the sphere gives some A\ € R with VL(u,) +
2\p, = 0. By Lemma V3, X, € Fix(Autpn(X)),
so Autpin(X) € Autpi(X,, ). Lemmas V.2 and V.3 then
give Vf(X, ) = diag(d)X for some d € R". Ob-
serve that d,,, L(p,) = (0x,.f(Xu,),Xi:) Vi€ [n]. Then,
O, L(p,) = di|X;.[3 = Md;, since X € {+1}"*M,
Thus —2Ap, = VL(p,) = Md. In particular, Vf(X, ) =
diag(d)X = _%Xu*- Thus the gradient is a scalar multiple
of X, , and the tangent gradient to the Frobenius sphere
vanishes. O

The following lemma and Proposition III.2 show that Theo-
rem V.1 applies to AWGN-ML-BLER, yielding Corollary V.6.

Lemma V.5.
Let X be a nondegenerate linear code with M > 2. No
degenerate X, locally minimizes AWGN-ML-BLER over Fx.

Proof Outline. Suppose p deletes rows of X, making X,
degenerate. Reallocate sufficiently small power to a non-
constant deleted row. Remove duplicate codewords from X,
to obtain X,, and use linearity of X to relate P.(X,) to
P.(X,,). Differentiability of P. at nondegenerate X,, admits
approximation of P, for perturbations of p, showing there is

a small perturbation improving BLER. O

Corollary V.6.
For AWGN-ML-BLER, for every nondegenerate linear code X,
it holds that X,, is a stationary point.

VI. STATIONARITY OF TRANSITIVE LINEAR CODES

We now show that for linear codes with a transitive auto-
morphism group no reallocation is needed. The group Aut(X)
is transitive if for every coordinate pair ¢, j € [n] there exists
P € Aut(X) sending i to j.

Theorem VIL.1.
Every nondegenerate linear code X with a transitive automor-
phism group is a stationary point.

Proof. Recall that X is stationary iff there exists A € R with
V f(X)4+2A X = 0. To show this, we strengthen Corollary V.4
to Fix(Autpi(X)) C span{X}. Since Lemma V.2 ensures
Vf(X) € Fix(Autp;(X)), we have stationarity.

Let Y € Fix(Autpi(X)). By Corollary V4, Y = X,, for
some p € R". By linearity, x; = 1, so p = Y.;. For
P € Aut(X) choose IT € Sy, st. (P, II) € Auty(X).
Since P1 = 1, reading off column 1 of PXII~! = X gives
Pxp-11) = x1 = 1; thus we must have xp-1(1) = 1 as
well. Note Y € Fix(Autpi(X)), so Y = PYIT!; reading
off column 1 on both sides:

p=PY, 1) =Pdiag(p)xmg-11) = Pp.

Since Aut(X) acts transitively on [n] and Pu = p for every
P € Aut(X), p = al for some a € R. Thus Y = oX, and
Fix(Autp; (X)) C span{X}. O

As both RM codes and cyclic codes are transitive [6], [30],
we get the following corollaries.

Corollary VIL.2.
a) RM codes are stationary points.
b) Cyclic codes are stationary points.
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